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Abstract 

We calculate the charged hypermultiplet low-energy effective action in the Coulomb 
branch of the AD, N = 2 gauge theory, by using the harmonic superspace approach. We 
find that the unique leading contribution is given by the harmonic-analytic Lagrangian of 
the fourth order in the hypermultiplet superfields, with the induced coupling constant be¬ 
ing proportional to central charges of N = 2 SUSY algebra. The central charges are iden¬ 
tified with Cartan generators of the internal symmetry, and they give BPS masses to the 
hypermultiplets. The induced hyper-Kahler metrics appear to be the Taub-NUT metric 
or its higher-dimensional generalizations. Simultaneously, non-trivial scalar potentials are 
produced. Within the harmonic superspace method, we show an equivalence between the 
two known approaches to the AD central charges. In the first one, the central charges are 
obtained via the Scherk-Schwarz dimensional reduction from six dimensions, whereas in 
the second one they are generated by a covariantly-constant background gauge superfield. 
Our analysis is extended to a more general situation with non-vanishing Fayet-Iliopoulos 
(FI) terms. The perturbatively-induced Taub-NUT self-coupling in the Coulomb branch is 
found to be stable against adding the FI term, whereas the non-perturbatively generated 
(Eguchi-Hanson-type) hypermultiplet self-interaction is proposed for the Higgs branch. 
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1 Introduction 


The N — 2 supersymmetric gauge theories in four dimensions (4 D) are known to possess 
quite remarkable duality and holomorphy properties [|lj. It is therefore of high importance 
to understand in full the structure of quantum effective action of these theories, both in the 
pure N — 2 super-Yang-Mills (SYM) and the matter hypermultiplets sectors. In order to 
manifestly preserve all the basic symmetries including N — 2 supersymmetry (SUSY) or, at 
least, be able to fully control their breaking, it is natural to use the harmonic superspace (HSS) 
formalism §B- The HSS approach is the only known one that provides a manifestly N — 2 
supersymmetric off-shell description of both N — 2 gauge multiplets and hypermultiplets. 

The HSS effective action of N = 2 SYM theory in the sector of gauge fields was a subject 
of study in recent papers [j|, |5| . The harmonic approach makes it evident that the holomorphic 
contributions to the one-loop effective action (in the Coulomb branch) entirely appear due to 
the non-vanishing central charges in N = 2 SUSY algebra. The central charges are chosen in 
the form of linear combinations of the gauge group Cartan generators, in accordance with the 
celebrated Scherk-Schwarz mechanism [OJ. and they produce masses for matter hypermultiplets. 
In the context of HSS, such mechanism of generating hypermultiplet masses and non-trivial 
scalar potentials was first considered in ref. 0 . The N — 2 central charges can be equivalently 
treated as a non-trivial constant N — 2 SYM background, and this interpretation can also be 
made transparent within the HSS approach. 

It was suggested in ref. || that the same central charges also play an important role in 
the charged matter hypermultiplet sector of the N = 2 HSS effective action (in the Coulomb 
branch), giving rise to non-trivial quantum corrections to the free hypermultiplet action and, 
hence, the non-trivial induced hyper-Kahler metrics in the physical bosonic sector []. The 
basic goal of the present paper is to give a correct proof of that proposal, by using quantum 
HSS computations with the massive g-hypermultiplet propagator, the mass being induced by 
the 17(1) central charges. We compute the one-loop effective action for hypermultiplets, and 
show that the only correction is of the fourth-order in the hypermultiplet superfields, with 
the induced coupling constant proportional to the BPS mass parameter. In the case of one 
hypermultiplet we get the familiar Taub-NUT metric [11], while for a few hypermultiplets 
we find its obvious higher-dimensional generalizations. All the effective self-couplings and 
the corresponding metrics have the 577(2) x 17(1) isometry, with the 577(2) factor being the 
SU(2)a automorphism group of the N = 2 SUSY algebra, and the 17(1) factor proportional 
to the central charge. The quartic hypermultiplet self-interaction is the only one that respects 
the SU(2)a x 17(1) global symmetry (in the case of several matter hypermultiplets, more 17(1) 
factors can be present). Since this symmetry is non-anomalous, it protects the quartic form 
of the analytic correction to any order of perturbation theory. We also discuss a possibility to 
gain some other non-trivial HSS hypermultiplet actions, e.g. the Eguchi-Hanson action [jllj, by 
using some non-perturbative solutions (torons) to the N — 2 SYM theory. 

Our another purpose is to summarize different approaches to the central charges in the HSS 
formalism and establish their equivalence. 

3 In the Higgs branch, where the gauge symmetry is completely broken, the hypermultiplet low-energy effective 

action receives no quantum corrections 
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In sects. 2 and 3 we give an account of the basic elements of the quantum theory of N = 2 
SYM and hypermultiplet harmonic superfields in the presence of central charges, and discuss 
the background interpretation of the central charges. As an introduction, we remind the reader 

H3| 


some results of ref. 


where the general HSS construction of N = 2 supersymmetric 4 D 


gauge theories with a complex central charge (including massive propagators for hypermul- 
tiplets) was given by using a dimensional reduction (DR) from six dimensions. It can be 
considered as the superspace version of the standard DR method that was proposed within the 
component approach to supersymmetric gauge theories 10, PI| . In this method the Cartan 


generators of spontaneously broken gauge symmetry are identified with extra components of 
the six-dimensional momentum operator, which become the central charges of N = 2 SUSY 
algebra in four dimensions. We also discuss another, basically equivalent interpretation of the 
17(1) central charges when they are induced by a non-trivial covariantly-constant N — 2 SYM 
background. This background triggers spontaneous breaking of the gauge symmetry down to 
its Cartan subalgebra, and thus produces masses for the matter hypermultiplets and (via Higgs 
phenomenon) for the coset gauge superfields as well. It is sometimes advantageous to use that 
point of view, since it gives us an opportunity to construct the massive hypermultiplet propaga¬ 
tors as the manifestly analytic Green functions of massless hypermultiplets minimally coupled 
to a special (‘frozen’) external N = 2 SYM gauge superfield. 

In sect. 4, by using the correct massive hypermultiplet propagator, we calculate the one- 
loop contribution to the hypermultiplet effective action in an N — 2 supersymmetric gauge 
theory with spontaneously broken gauge symmetry. A crucial feature of our calculation is 
the preservation of manifest N — 2 SUSY with central charges at each step. The unique 
correction is of the fourth-order in g-hypermultiplets and, according to ref. |lTJ , it corresponds 


to the Taub-NUT hyper-Kahler metric (for a single q -hypermultiplet) or its higher-dimensional 
generalizations (for a few g-hypermultiplets). Our approach therefore provides the dynamical 
quantum mechanism of generating the non-vanishing Taub-NUT effective coupling constant. 
Since the effective Taub-NUT coupling vanishes in the zero-mass limit, it is a presence of the 
non-vanishing 17(1) central charges in the theory that allows one to get a non-trivial analytic 
correction. Apart from generating the Taub-NUT metric, it is yet another important effect of 
the central charges that they induce a non-trivial scalar potential for the hypermultiplets. 

In sect. 5 we consider the coupled system of an N — 2 vector multiplet and a hypermultiplet 
when the additional Fayet-Iliopoulos (FI) term is added. This model can be treated along the 
lines of the preceding sections when one chooses the background with a constant scalar held 
and some constant auxiliary components. We calculate the hypermultiplet Green function in 
this background, and argue that the induced (Taub-NUT) terms in the hypermultiplet effective 
action are not affected by adding the FI term. The subtle issues of the classical vacuum 
structure in a presence of the FI terms (like spontaneous breaking of N = 2 supersymmetry 
versus breaking of the gauge symmetry, etc.) are beyond the scope of this paper. Finally, 
in sect. 6 we propose another (Eguchi-Hanson) hypermultiplet self-coupling that may be non- 
perturbatively generated in the Higgs branch. 

Our basic notation is the same as in refs. [2j. , so that we invite the reader to consult that 

references for an introduction to the HSS. In particular, we use the following definition for the 
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product of four u + projections of spinor covariant derivatives: 


(D + ) 4 = ±-( D +f(D+Y = -t(Z)” + Dj)(£>+fl' s+ ) , 


( 1 . 1 ) 


and similarly for the products of Grassmann superspace coordinates: 




( 1 . 2 ) 


2 Dimensional reduction, central charges and massive 
g-hypermultiplet propagators 

In this section we show how the self-consistent HSS formulation of N = 2 SYM theory in four 
dimensions (SYM%) with central charges Z, Z can be obtained by the dimensional reduction 
from the HSS formulation of N = 1 SYM theory in six dimensions (SYMq). 

The classical HSS action of the SYM ,g theory is given in ref. |[b| . The harmonic superspace 
description of the SYMq theory is quite similar to that of the usual SY M| theory [;2[. j3| . In par¬ 
ticular, the harmonic SY Mg Feynman rules can be obtained as a straightforward generalization 
of the four-dimensional rules . 

Given the gauge group G c (‘color’), let (if*,..., if£) be the hermitian matrix generators 
of its Cartan subgroup C c = exp H c . Let us also assume that the hypermultiplet sector of 
the theory has the additional global symmetry group Gf (‘flavor’), with ( H f l ,..., Hf) being the 
hermitian matrix generators of its Cartan subgroup Gf = exp H{. Without entering into details, 
we simply state that the basic objects of the SYMq theory appear to be an analytic gauge 
superfield (£( 6 )), that takes values in the adjoint representation of G c and is inert under the 
action of Gf, and analytic massless hypermultiplets ^)(C(6)) transforming in a representation of 
G c x Gf. The 6 D, N = 1 HSS is a direct product of the ordinary 6 D, N = 1 superspace ( x m , 9 l a ) 
(m = 1, ...6; i = 1,2; a = a, a) and the internal harmonic two-sphere S 2 SU(2)/U{1) 

parametrized by the harmonic coordinates uf, w + *w i = 1. The analytic subspace {C(6)} °f 
the 6 D, N = 1 HSS has two extra spatial coordinates, x b A and x A , beyond its Grassmann and 
harmonic coordinates which are common with the AD, N = 2 HSS. Similarly to their AD, 
N = 2 counterparts, the SYMq harmonic superfields can be equally considered either in the 
central coordinates of 6 D, N = 1 HSS or in the analytic coordinates where the analyticity of 
V and g ( + is manifest. In what follows, we find convenient to combine the extra coordinates 
x 5 and x 6 (as well as x\, x\) into the complex conjugated ones z and z {z A and z A ). The 
relation between the extra coordinates in the central and analytic basises of N — 1, 6 D HSS 
then reads 


z A = z + %(0 + 9 ), z A = z — i(9 + 9 ). 
Their infinitesimal supersymmetry transformations are given by 


( 2 . 1 ) 


fe = -ie k o t , sz = ire, (Si = (»„ o’), 


( 2 . 2 ) 
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and 


Sz A = 2 ie l 9 + u i , 8z a = —2 ie l 9 + u i . (2.3) 

It is worth noticing that z A and z A are conjugated in the sense of the generalized involution of 
ref. [j|]. In what follows, we mean by complex conjugation just that. 

For a later use, we also quote here the structure relations of 6 D, N = 1 Poincare superal¬ 
gebra, 

{Ql Q$} = 2 e ik P ab , P ab = -P ab , (2.4) 

where a = a, a , and 

P =e — P.= f — 

a/3 e a/3 j ■ r d/j e d/3 q- ’ 

as well as the corresponding flat spinor derivatives 

(6) = ~ id a — , (6) = ~ lOa , (2-5) 

where the usual AD spinor derivatives have been introduced, D l a = d/dd " + i9 ai d m i and 
* = -d/dO ai - i9fd a a . 

The dimensional reduction to four dimensions in the HSS framework, a la Scherk and 
Schwarz, assumes a special factorizable dependence of all superfields upon the extra space- 
time coordinates, by identifying the translation operators along these coordinates with linear 
combinations of the Cartan generators in the full symmetry group G c x Gf. It can be done in 
the two equivalent ways, either in the central basis of the 6 D } N = 1 HSS or in the analytic 
one. 

In the first approach, one factorizes the extra-coordinate dependence in all superfields by 
the use of the universal operator A(z, z), 

A(z, z) = exp (zZ — zZ) , (2.6) 

where Z e H c © H{ is, by definition, the central-charge operator of the dimensionally reduced 
theory, 


Z — Z(a) + Z(n) , 

Z(a) = E a n HZ(n) = £ mH ‘ , (2.7) 

n =1 1=1 

whereas the complex moduli (a n ,/i;) define the classical vacuum of the theory. The operator 
Z(n) does not act on the gauge superfields, 

Z(a) oV ++ = J2 a n [HE H ++ ], Z(jm) oV ++ = 0. (2.8) 

The operator Z (a) describes a distribution of central charges inside the irreducible multiplets 
of the gauge group G c . On the top of that the operator Z(n) gives additional contributions to 
the central charge eigenvalues, by acting on the whole matter multiplets. 

From now on, we mostly deal with the AD formalism. Accordingly, we use the standard 
notation and conventions of refs. ||, |3[] for the coordinates of the analytic AD, N = 2 superspace, 
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( = (x°f, 0+, 0+, uf ). In the full A D, N = 2 HSS one can use either the analytic basis (C, 9 a ,9 6 ,) 
or the central basis (x al3 , 9%, 9 a k , uf) = ( X M ,uf ) on equal footing. 

The dimensional reduction via the operator A(z , z) defined above is universal for both U++ 
and qf 6) [|T3| , 

^6, + (C(6)) = M z > *) ° ^ ++ , 9 ( t)(C(6)) = ^( 2 , ^)<? + • (2-9) 

We now observe that the exact 6 D, N = 1 analyticity of V++ and (/+, 

^ + (6) r++ = r>+ 6) ,+ = 0 , 

amounts to a covariant AD, N = 2 analyticity for the dimensionally reduced 4.D harmonic 
superfields (denoted by hats), 


DfV ++ = D a + V ++ = 0 , Dfq + = D c +q + = 0 , 
where we have introduced the notation 

t>i = A-\z, z)D* (e) A(z, z) = D+- WiZ , 
bt* = A-\z,z)D+ m A(z,z) = Di+igtZ . 


( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 


In the analytic basis of 4 D, N = 2 HSS, the spinor covariant derivatives D + and D + are 
just the partial derivatives 


Df = d/d9 a ~ and Df = 8/d9 d ~ . 


(2.13) 


Then the conditions ( p.lC| ) express all the terms in the 6 expansion of the superfields V ++ and 
q + via their zeroth-order, exactly-analytic terms. The spinor derivatives D~ and Db follow 


from their 6 D, N = 1 counterparts via the same A(z, z) transformation as in eqs. (|2.11|) and 

(2.14) 


D a = D a 


iO~Z, 


Da ~ Da + % 


Here D~ and are the u~ projections of the standard AD, N = 2 spinor derivatives. 

The harmonic derivatives in the central basis of 6 D, N = 1 HSS do not contain any 
derivatives with respect to the space-time coordinates and, hence, they commute with A(z,z). 
When acting on the covariantly analytic AD superfields, they can be written either in the 
central or analytic basis of AD, N = 2 HSS. I 11 both cases, the central charge operators are not 
involved. For example, in the analytic basis, the D ++ is given by 0 


D++ = d++ _ 2id a+ 6? + d a g + 9 a+ df + 9« + df , d ++ = u i+ -^— . (2.15) 


Applying the operator A(z, z) to the 6 D, N = 1 SUSY generators Q l a satisfying the algebra 
(|2.4|) yields the new SUSY generators that obey the standard AD, N = 2 SUSY algebra extended 
by central charges, 


Q* = A-\z, z)Q*A(z, z) . {<?:,£>?} = 0 , [D**, Q«]= 0 . 


±1 


->±± 


(2.16) 
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Explicitly, these generators are 


Q k a = Q k a + *0 k a Z 


Q ak Qak “ 1 “ ^ak^ •> 


(2.17) 


where the first terms on the r.li.s. are the ordinary AD, N = 2 SUSY generators without central 
charges. We observe that the N — 2 SUSY transformations of an N — 2 superfield <f>, 


5$ = 


)Q\ 


+ ^Qak)^, 


(2.18) 


get modified so that the supertranslations are now accompanied by the C c x Cf rotations with 
the generators Z and Z and the group parameters — 8z and 5z, respectively, the latter quantities 


being defined in eq. ( |2.2| ). 

Summarizing all the above, we conclude that the role of the similarity transformation with 
the operator A(z,z ) consists in replacing altogether the translation operators with respect 
to the coordinates ( z,z ) by the central charges (Z,Z) that belong to the Cartan subgroup 
of the full symmetry group G c x G{. The coordinates (z,z) appear neither in the 6 D, N — 1 
SUSY generators nor in the covariant derivatives explicitly, whereas the derivatives with respect 
to these coordinates are only present, ft is also worth mentioning that eq. ( |2.9| ), from the 
AD standpoint, is a particular transformation from the global symmetry group. Having that 
in mind, the dimensional reduction procedure just described guarantees that all the G c x 
G f invariant (or, at least, ( Z , Z)-neutral) objects to be composed out of the 6 D, N — 1 
analytic superfields and the spinor or harmonic derivatives acting on them (e.g, the invariant 
Lagrangians) become the ( z,z ) independent AD, N = 2 HSS quantities. Moreover, any 6 D, 
N = 1 analytic object of this kind (e.g., the q + hypermultiplet Lagrangian) goes over into a 
AD, N = 2 manifestly analytic (i.e. containing no dependence) quantity. 

Before explaining how the mass and the correct massive q + - hypermultiplet HSS propagator 
come out in this setting, let us first describe another, equivalent way of dimensional reduction 
from the 6 D, N = 1 HSS to the centrally-extended AD, N = 2 HSS. ft is defined in the analytic 
basis of the 6 D, N = 1 HSS and has the advantage of yielding manifestly analytic AD, N = 2 
superfields. 

In this alternative version of the DR procedure, instead of the operator A(z, z) of eq. 
one uses the modified operator 


A(z a ,z a ) = exp (z A Z - z A Z) = exp (v)A(z,z) , 


where 


v = i(6 + 0-)Z + i(e + e~)z. 

The modified DR relations ( |2.9| ) take the form 

ryKie)) = M z a, za) ° w*, ?j,(c<8)) = Mza, z A )q + . 


(2.19) 

( 2 . 20 ) 

( 2 . 21 ) 


The AD covariant derivatives and generators are obtained from their 6 D counterparts by the 
A(za, za) rotation according to the pattern of eq. (EH)- 


It is obvious that the N — 1 analyticity of the 6 D superfields on the l.h.s. of eq. (|2.21|) 
implies manifest N — 2 analyticity of the AD superfields on the r.h.s of eq. (|2.21|). Indeed, in the 
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analytic basis, the 6D, N = 1 derivatives D+ are ‘short’, i.e. contain no differentiations with 
respect to the space-time coordinates. Therefore, they commute with A(z a , z a ) (this statement 
is, of course, basis-independent). As a result, we have 

D+V ++ = D+V ++ = 0, D+q + = D+q + = 0 . (2.22) 

On the contrary, the harmonic derivatives do not commute with the A(z a , z a ), so that they 
acquire additional ‘connection’ terms when acting on V ++ and q + , 

= A~\z a , z a )D ±± A{z a , z a ) = D±± + (D^v) = D ±i: + v ±:t , (2.23) 


where we have introduced the central charge ‘connections’ 

u ±± = i^e^z + i(e ± e ± )z 


(2.24) 


Since the two DR operators, A(z,z) and A(z a ,z a ), are related via the ‘ bridge ’ e v (see 
eq. (|2.190 ), it is evident that the two ways of the reduction (6 D, N = 1) —» {AD, N = 2) 
are actually equivalent. The reduced covariantly analytic and manifestly analytic AD, N = 2 
superfields are related to each other via the bridge e v , 


ty ++ = e v O 1/ ++ = e v V ++ e 


q^ = e q' 


(2.25) 


The similar relation can be established between the differential operators in both settings, 

V = e~ v De v , (2.26) 

where the hats refer to the covariantly analytic representation, D = {D±, D^A, D ±:iz }, whereas 
the corresponding curved notation refers to the manifestly analytic representation, respectively, 
V = {DA D^, P ±± }. Explicitly, the transition relations are 

v ±± = e -*D ±± e\ V-=D-~ 2 i»-Z , (2.27) 

Vi = DT + 2HTZ, Vi = Di, ©+ = B+. (2.28) 


The realization of = 2 SUSY in the manifestly analytic representation can be easily 
obtained from eqs. (|2.2| ) and Q2.16Q by using the general formula (|2.26|) . The corresponding 
generators in the analytic basis , 


Q a = A-\z a ,z a )Q^A{z a ,z a ) = e-"Q k a e v 


(2.29) 


(anti)connnute with the covariant derivatives V. The associated AD, N = 2 SUSY transfor¬ 
mations of superfields differ from the standard ones (without central charges) by the C c x C{ 
rotations with the generators Z, Z and the group parameters —Sz A , Sz A defined in eq. (|2.3|). 

Having established the equivalence of both DR procedures, we are now in a position to 
construct the superfield propagators for V ++ and q + in the case of N = 2 SUSY with central 
charges. We postpone the discussion of V ++ until the next sect. 3 and concentrate here on the 
hypermultiplet case. 











The free part of the analytic invariant Lagrangian for a 4Z)-hypermultiplet directly follows 
from the analogous Lagrangian in 6 D, N = 1 HSS. In accordance with the two versions of the 
DR procedure, the former can be written down in the two equivalent forms, by using either 
covariantly analytic or manifestly analytic superfields, q + or q + , respectively, 


A+ 4 ) 

^q (free) 


q + D ++ q + 


q + V ++ q + 


q + (D ++ + v ++ )q + . 


(2.30) 


Note that the term with r> ++ in eq. Q2.30|) breaks the global G c x Gf symmetry down to the 
C c x Cf symmetry (to be more exact, eq. ( |2.30| ) respects the symmetry under any subgroup of 
G c x G f commuting with Z, Z). 

The free equations of motion are obtained by varying eq. ( |2.30| ) with respect to q + and q + , 
and they read as 

(2.31) 


V ++ q + = 0 


or D ++ q + = 0 . 


By using the algebra of the centrally-extended covariant derivatives (e.g., in the covariantly 
analytic basis), 


{^a 1 -^/ 3 } — 2 iSapZ , {D+,Dp } — 2i<9 Qj( j , [D , D+] — D a > (2.32) 


one can derive the identity 

- i(. D + )\D-) 2 F = (□ + ZZ)F = □ C F 


(2.33) 


valid for any covariantly analytic superfield F. Applying the identity ( |2.33| ) to the equation 
(D ) 2 q + = 0, which is a simple consequence of eq. (|2.31|) in its second form, then yields 

{u+ ZZ)q + = (u + ZZ)q + = 0 . (2.34) 


Eq. (|2.34|) clearly demonstrates that we are dealing with the massive q + hypermultiplet indeed. 

Because of the existence of the two forms of equations of motion for the q + -hypermultiplet 
in eq. ( |2.31| ), it is natural to introduce two representations for a hypermultiplet Green function, 
in the covariantly analytic frame and in the manifestly analytic one, respectively. The two 
representations turn out to be related via the bridges e v (see below). 

Let us derive the covariantly analytic Green function first. To write down the equation it 
satisfies, we introduce the covariantly analytic h-function 

ih?(l|2) = (D-,t)t*(.v)6 12 (X t - X 2 )S ( - 3 ' 3) KmJ , (2.35) 

where we have explicitly written down the representation indices of Z and Z , and denoted 

D+(v)=e v D+e- v . (2.36) 

The h-function (|2.35|) has many features in common with the usual manifestly analytic 5- 
functions BH. namely, 

W(l|2) = (Dt)U-v T )S n (X t - X 2 )S ll -- 3 >(u u u 2 ) = 5ft;>(2|l) , (2.37) 
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and 


(C+, i ) al („)^ ) (l|2) = 0, 

= o, 

£>■£,« (i‘‘- 3) (l|2)j+(2)) = 0. (2.38) 

Note that v T = v in a basis where all the Cartan generators are diagonal. In what follows 
we always assume that such basis is chosen. Remarkably, it is the flat spinor derivatives that 
appear in the last line of eq. (|2.38|) . This fact is a consequence of the important relation 

^ 1,3) (1|2) = e vl S { ^ 3 \l\2)e~ V2 , (2.39) 


where 

<#’ 3) (1|2) = (D+)V 2 (X 1 -X 2 )6^ 3 \ Ui ,u 2 ) 

is the standard 4 D, N = 2 HSS analytic h-function [[|. We are therefore allowed to use the 
ordinary analytic measure when integrating over the analytic subspace with the covariantly- 
analytic 5- function, viz. 

q + ( 1) = /dC 2 ( " 4) ^ 1>3) (l|2)g + (2) • (2.40) 

The covariantly-analytic Green function of the massive hypermultiplet is defined by the 
equation 

J D+ + Gi U) (l|2) = ^ 3 ’ 1) (l|2) , (2.41) 

and it reads 


i« + (l)|j + (2)) = G< M) (1|2) = -±(D:nv)(Dtn-v)S U (X, - . (2.42) 

Lll \ U 1 U 2 ) 


where we have suppressed the internal symmetry indices of q + and q + . In order to verify that 
the expression (|2.42|) satisfies eq. (|2.41|) indeed, one should apply the identity 


D 


++ 


{u+u+y 


=>■ 


\ 2 <5 (3,-3) | 


U i, u 2 ) 


and then make use of the identity (|2.33|) and the representation ( p.37| ). 

In addition, it is easy to check the following important symmetry property: 

gL 1 ; 1) (2|1) = -G^ m) (1|2) . 


(2.43) 


(2.44) 


The massive g + -hypermultiplet propagator was first obtained in ref. |T3| in the covariantly 
analytic form given above. It can be used for quantum perturbative calculations in HSS, e.g., 
along the lines of the massless case considered at length in ref. |3|], after obvious modifications 
of the Feynman rules there. Sometimes, one finds it more convenient to use the manifestly 
analytic representation for the massive propagator. It can be obtained from the covariantly 
analytic one via the bridges e v and e~ v , by using the general formulas (|2.25|) and (|2.26|): 


! («j + (1)| 9 -+(2)) = G<n>(l|2) = exp(„ 2 - t>,)G< M) (l|2) , 


(2.45) 
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or, more explicitly, 


1 


i(g+(l)|g + (2)> 


— 1 ^(D+) 4 (D+) A e^ V2 - vl) 5 12 {X 1 


X 


(u+u+Y 


(2.46) 


When applying the operator Di + to the both sides of eq. ( |2.45|) and making use of eqs. fl2.27|) and 
(|2.39| ), it is easy to show that the defining equation (|2.41|) for G^’^{1\2) implies the following 
equation for (112): 


X>J-+G( 1 - 1) (1|2) = <5i 3,1) (l|2) . (2.47) 

Eq. ( p.47| ) agrees with the manifestly analytic form of the equations of motion for the massive 
q + hypermultiplet in eq. ( |2.31| ), and it completes the proof. 


3 The background interpretation of central charges 

Our method of introducing central charges for hypermultiplets in HSS does not use the local 
gauge symmetry. The only relevant property for the dimensional reduction is the invariance of 
the action under the global group G c x G f or even under its Cartan subgroup C c x Cf. Given 
this invariance, the central charges can be introduced ‘by hand’, directly in the 4 D setting, 
without any reference to the DR procedure. 

On the other hand, within the standard formalism of SYM% theory there exists a natural 
dynamical mechanism of spontaneous generation of the [/(1) central charges. They emerge as 
a result of the appearance of non-zero vacuum expectation value of the gauge superfield V ++ . 
This interpretation is actually suggested by the HSS formulation of N = 2 gauge theories |2|], 
and it is discussed in the recent preprints [j|, |16[] . 

Let us start from the full q + hypermultiplet action enjoying invariance under both the gauge 
group G c and the global group Gf , 

S, = "4 /hC (_4) 4 +4) , 4 +4) = 9 + (f + * + V**)q* , (3.1) 

Kj J 

and assume that by some dynamical reason (e.g., as a result of non-perturbative effects), V ++ 
develops a non-zero vacuum expectation value just of the form (|2.24|) and ( |2.7| ) , 

H ++ = v ++ + V ++ = i(9 + 6 + )Z+ i{d + 6 + )Z+ V ++ , (H ++ )=0, (3.2) 

where only the moduli a n associated with the Cartan subgroup C c are assumed to contribute. 
One could, of course, reproduce the full form ( P~7| ) of ( Z , Z) by promoting the global G f sym¬ 
metry to the local one. However, without loss of generality, we accept here that the gauge 
group is G c and, hence, it is the a n parts that are only present in Z, Z. The moduli a n then 
get the meaning of the vacuum expectation values for the physical scalar held components of 
the N = 2 gauge multiplets associated with the Cartan generators of G c . We still reserve the 
right to add ‘by hand’ the pi parts associated with the ‘flavor’ Cartan subgroup Cf. 

The non-vanishing background value v ++ of V ++ is a particular solution of the superheld 
equations of motion of the N — 2 gauge theory (we assume that all q + have vanishing vacuum 
expectation values) , 

(T> + ) V- = 0, D ++ v~ - D-v ++ = 0 , (3.3) 
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where v is given by eq. (|2.24|) and can be viewed as the background gauge connection for 
the harmonic derivative D . The corresponding background N = 2 chiral superfield strength 
w amounts to a constant scalar component, while all its fermionic, [/(l)-gauge and auxiliary 
components vanish, 


W = -(D- 


)V- 


= z 


(3.4) 


Accordingly, all the covariant derivatives of w vanish too, so that the associated background is 
covariantly-constant. 

In a generic case the background v spontaneously breaks G c down to its Cartan sub¬ 
group [], and simultaneously generates 17(1) central charges in N — 2 superalgebra by the 
reasons obvious from the previous sect. 2. Indeed, the separation of u ++ in the q + Lagrangian 
Q3. 1]) according to (|3.2|) redefines the free part of this Lagrangian, thus making it to coincide 
with eq. ( |2.3C| ). The invariance group of the latter is just the (Z, Z)-extended N = 2 SUSY. 
The full algebra of the (Z, Z)-extended covariant derivatives is naturally recovered as the al¬ 
gebra of the N = 2 gauge-covariantized derivatives in the above special background. From 
this point of view, the covariantly analytic and manifestly analytic frames introduced in the 
previous section are nothing but, respectively, the r and A frames of the HSS N — 2 gauge 
theory (in the terminology of ref. [j2|) adapted to the background v ±:t . 

It is worthy to notice that the (Z, Z)-extended N = 2 SUSY can now be interpreted as 
the invariance group of the above background: the modified supercharges naturally appear as 
the corresponding Killing spinors. Indeed, the standard N — 2 generators Q l a , Qai have a 
non-vanishing action on the background solution v ++ , 


fisusyV ++ = — {eQ + eQ)v ++ = —2ie l 9 + ufZ — 2ie l 9 + uf Z , (3.5) 


but this variation can be compensated by the appropriate analytic gauge transformation 

5com P v ++ = D ++ A comp , A comp = 2ie l 6 + u~Z + 2ie l # + u~Z , (3.6) 


thus leaving v ++ intact. The N — 2 supersymmetry transformations of all superfields hav¬ 
ing non-zero quantum numbers with respect to (Z, Z) should then be accompanied by this 
compensating gauge transformation, e.g., 

$susyQ = ($susy Y &comp)Q (^Q Y A compQ • (3.7) 

It is a simple exercise to check that the modified N = 2 SUSY generators are just those of the 
Z, Z extended N = 2 SUSY in the manifestly analytic frame, 

Q' a = Qa - 2 i9+u~ i Z(a) , Qai = Qai ~ 2 tO+uiZ (a) . (3.8) 

It also immediately follows from eqs. (|3.5|) and (|3.6| ) that the N — 2 SUSY is not modified on 
the Cartan C c part of the shifted gauge superfield V ++ . On the other hand, the non-diagonal 

4 For some particular values of the moduli a n in eq. (0) the vacuum stability group commuting with (Z, Z) 
can be enhanced. 
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part of U++ belonging to the coset G c /C c realizes the modified N = 2 SUSY, as this part 
possesses non-zero quantum numbers with respect to Z(a), Z(a). 

The (Z, Z), N — 2 supersymmetric modified free part of the full q + , V ++ Lagrangian (|3.1|) , 

q+X>++q+ = q+(D ++ + v ++ )q + , 


respects invariance only under the unbroken global subgroup C c of the full gauge group G c . 
Nevertheless, the full local G c invariance is restored in the full action due to the property that 
the G c transformation law of the shifted superfield V ++ contains an inhomogeneous piece under 
the action of the spontaneously broken G c /C c generators. The presence of this piece reflects the 
fact that one of the two G c algebra-valued real physical scalar fields in the G c /C c component of 
V ++ is the corresponding Goldstone held which should transform inhomogeneously under the 
broken generators. 

Note that the (Z, Y)-extended N — 2 SUSY generators Q do not, in general, commute with 
the spontaneously broken generators of G c . However, it is easy to check that the new generators 
appearing in the commutators merely produce some analytic x -independent (though u- and In¬ 
dependent) G c gauge transformations which leave the whole action invariant. Therefore, we 
are allowed to say that N = 2 SUSY with the ( Z , Z) central charges commutes with G c modulo 
analytic gauge G c transformations. 

The modified free q + action, as was already mentioned in sect. 2, corresponds to the massive 
g + -hypermult.iplet, with the BPS mass operator ZZ according to eq. (|2.34|) . As is clear from the 
above consideration, this massive hypermultiplet action can be equally treated as the action 
of the massless q + in the covariantly-constant background given by u ++ . Accordingly, the 
massive Green function G^ 1,:L ^(1|2) of eq. ( p.45|) acquires the meaning of the Green function of 
a q + hypermultiplet in that special background. It can be considered as the particular case of 
the q + hypermultiplet Green function in the general SYM background, in the framework of 
the background field formalism for the SYM% theory |J. 

Along with the g + -propagator of eq. ( [2.45|) , the important elements of the manifestly analytic 
Feynman rules in the central-charges-extended N — 2 HSS are the massive cn-hypermultiplet 
propagator and the propagator of the gauge superfield V ++ . The first one follows from the 
standard massless cn-propagator of ref. [H] via the same modification as in eq. (|2.45|) , 


»Mi)M2)> = G< 0 ' 0) (i|2) = --k(D!) 4 (A + )V»-”)« 12 (x i - , 


□ 


u+u+Y 


(3,9) 


and satisfies the equation 

(V+ + ) 2 G[°’°\ 1|2) = 5i 4,0) (l|2) . (3.10) 

The V ++ propagator is almost of the same form as that without central charges [§. In 
particular, the bilinear term in the classical SYAd'l action for V ++ contains the projection 
operator 

rr(2,2)n io\ _ ( L ’ 1 + ) 4 (A + ) 4 exp(ui -v 2 )S 12 {X 1 -X 2 ) ^ q1iN 

*-*-V V 1 (. - 1 I ry ry\ / _(_ _1_\9 

[Ui + ZZ) (u+u+y 

that satishes the equation 

V+ + U^ 2 \l\2) = 0 . (3.12) 
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The Green function of V ++ in the N = 2 Feynman gauge is given by 


? <U ++ (l)|U ++ (2)> = 




(3.13) 


where Z(a) is the central charge operator in the adjoint representation of G c . Hence, it is the 
propagators for the non-diagonal (‘charged’) G c components of the full V ++ superfield that are 
actually modified. In the quantum calculations to be given in the next sect. 4, we will only deal 
with the diagonal (Cartan) components of V ++ . Their propagators have no mass parameters. 

We end this section with two comments. 

It follows from the general theory of non-linear realizations 


17| that in any theory with 


the spontaneously broken gauge symmetry a non-linear redefinition of the field variables exists, 
after which the broken, coset part of the gauge transformations appears to be completely hidden 
and compensated. In the unitary gauge (by putting the Goldstone fields to be equal to zero) the 
only manifest symmetry of the theory turns out to be the symmetry with respect to the vacuum 
stability subgroup, and the only genuine massless gauge fields are those associated with this 
subgroup. The coset gauge fields become massive (Higgs effect), and they are to be considered 
on equal footing with the matter fields. Being applied to our case of the ( q + , V ++ ) system with 
the gauge G c symmetry spontaneously broken down to the C c symmetry, this general argument 
implies that, by a field redefinition, one can split the original (g + , V ++ ) Lagrangian into two 
parts. The first part is the Lagrangian of the (q + , Vq + ) system, where the abelian massless 
gauge superfield Vq + takes values in the Cartan subalgebra and is minimally coupled to q + . 
The hypermultiplet piece of that Lagrangian is 


q + (V ++ + V£ + y 


(3.14) 


The rest of the full Lagrangian contains non-minimal couplings among q + and the redefined 
G c /C c coset parts of the original superfield V ++ , which are massive owing to the superfield Higgs 
effect. This picture is just the HSS interpretation of the Coulomb branch in the SYM% theory. 
Leaving aside the issue of an explicit construction of the relevant redefinition of the superfields 
involved, in what follows we will assume that it exists, and it was already done. In our quantum 
calculations we will deal with the abelian superfields V£ + and the (g + , V ++ ) Lagrangian in the 
form ( |3.14|) . Contributions of the massive modes of the original gauge superfield can be ignored 
in the perturbative effects we are interested in. 

Our last remark is that the vacuum background u ++ , besides breaking the gauge G c sym¬ 
metry and generating the ( Z , Z) central charges in the N = 2 SUSY algebra, also gives rise to 
the spontaneous breakdown of another important symmetry. It is the global symmetry asso¬ 
ciated with the U( 1) factor of the automorphism 1/(2) symmetry of the original N = 2 SUSY 
algebra. It is realized as phase rotations of the physical complex scalar field in V ++ . It clearly 
acquires the Goldstone-type realization after separating v ++ as in eq. Q3.2|) , with one of the 


scalar fields of the Cartan Vq + as the relevant Goldstone field. Note that the low-energy holo- 
morphic Seiberg’s correction to the SYM% action was originally obtained by integrating the 
quantum anomaly associated with just this U{ 1) factor 0. The presence of the same non-zero 
u ++ in V ++ was crucial in a recent derivation of the Seiberg effective action by quantum HSS 
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computations It will be shown in the next sect. 4, that v ++ 7 ^ 0 is equally responsible for 
the non-trivial induced self-couplings of the hypermultiplets. It is remarkable that this simple 
mechanism yields so many non-trivial group-theoretical and quantum effects ! 


4 A harmonic-supergraph calculation of the massive 
hypermultiplet low-energy effective action 

A few basic examples of harmonic supergraphs with the massless gauge and hypermultiplet 
superfields were considered in ref. ||. In this section, we analyse the recent proposal made 
by one of us in ref. || that a massive hypermultiplet in a spontaneously broken (abelian) 
N = 2 supersymmetric gauge theory has a non-trivial effective self-interaction to be induced 
by quantum corrections in the one-loop perturbation theory. 

Let us consider a single charged hypermultiplet q + for simplicity. We find convenient to 
use here a pseudo-real notation for the hypermultiplet, combining q + and q + into a doublet of 
the so-called Pauli-Gursey £77(2) group, q '+ = ( q + ,q + ), a, 6,.. . = 1 , 2 , with the central charge 
being realized as 

Z\ = o(r,)5 , (4.1) 

where a is a complex moduli and r 3 = diag(l, —1) is the third Pauli matrix (we could start 
from an arbitrary 17(1) subgroup of SU{2)pq with an arbitrary constant traceless 2 x 2 matrix 
as the generator and then reduce it to eq. ( |4.1| ) by a proper SU(2) P q rotation). An abelian 
N = 2 vector superfield V ++ also receives a r 3 factor, ( V ++ ) b a = V ++ (r 3 ) b a , so that the harmonic 
covariant derivative of the hypermultiplet superfield reads 

V ++ «+ = -D+V + ( V** + V++)W = [® ++ + W + K , (4.2) 

where the central charge operator is represented by the background vector superfield u ++ (see 
sects. 2 and 3). We introduce the following book-keeping notation for various covariantly 
constant superfields to be relevant for our purposes: 

K = (»**)£ = 1 '“Mg, 

v = i[a(6 + 6 ~) + a(6 + 6 “)], n ±=t = D^u , 

V ±i: = _D ±=t + z/ ±± r 3 = e~ UT3 D ±± e UT3 . 

The 17(1) gauge harmonic superheld V ++ is considered to be massless, whereas the hyper¬ 
multiplet mass squared is equal to m 2 = aa = |a| 2 , which is just the BPS mass. The extra 
(Pauli-Gursey) global SU ( 2 )pg symmetry of the free hypermultiplet action, that rotates 
with respect to its index a, is broken by the gauge interaction to an abelian subgroup 17(1). 
Hence, the full internal symmetry of the N = 2 supersymmetric action we start with is given 
by a product of the global £17(2 )a automorphism group and the local 17(1) group. 


(4.3) 

(4.4) 

(4.5) 
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We are going to use in this section the manifestly analytic propagator of the massive hy- 
permultiplet q + for our calculations. According to the results of sect. 2, it reads 




(4.6) 


The relevant harmonic supergraph has an internal loop built out of two hypermultiplet 
propagators and two V ++ propagators (in Feynman gauge the latter are given by eq. (|3.13|) 
without ZZ in the denominator), as well as four external hypermultiplet legs (Fig. 1). Note 
that one of the advantages of our SU( 2) notation is that we need a single supergraph; it accounts 
for the two inequivalent supergraphs in the q + ,q + notation. 

According to the general strategy of handling such supergraphs [§|], one should first restore 
the full Grassmann integration measures at the vertices. It can be done by taking the factors 
off the hypermultiplet propagators. Then one integrates over two sets of Grass¬ 
mann and harmonic coordinates by using the corresponding delta-functions in the integrand. 
There still remain ( D + ) 4 factors in two V ++ propagators. After integrating by parts with re¬ 
spect to one of these factors, the only non-zero contribution comes from the term in which 
both such factors hit one of the two remaining Grassmann 6 functions. Then the integral over 
one more set of the remaining Grassmann coordinates can be done by the use of the important 
identity: 

<5 8 (^ - 0 2 )p+) 4 (z)+) 4 «5 8 (0 1 - e 2 ) = («+ i u +) 4 «5 8 (0 1 - e 2 ) . (4.7) 

As a result, the single Grassmann integration over d 8 9 remains. The supergraph integral then 
takes the form 


r 4 = - f d 4 p 1 d 4 p 2 d 4 p 3 d 4 p 4 f d 8 9 f du.d^ (u +*+ )2 F(p 1 ,u 1 \p 2 ,u 2 )F(p 3 ,u 1 \p A ,u 2 ) 

v f _ d 4 k5(p 1 ~p 2 +p 3 -p 4 ,) _ r. o\ 

J k 2 (k-\-pi— p 4 ) 2 [(k—ps) 2 -\-m 2 ][(k— p 4 ) 2 +m 2 ] 5 V * / 

where we have introduced the notation F(pi, u 3 \p 2 , u 2 ) = F(l|2) (the 0-dependence is implicit), 
with 

F( 1|2) = g + (l) exp{r 3 [^(2) - ^(l)]}g + (2) . (4.9) 

According to the dehnition of the Wilsonian low-energy effective action (at energies -C A), 
we are supposed to integrate over all massive fields as well as over momenta squared > A 2 for all 
the massless fields present in the fundamental (microscopic) Lagrangian, with the dynamically 
generated scale A, A < m np-h w. 7 ^ 0, being an IR-cutoff simultaneously. In our case, we do not 
integrate over the massive gauge fields from the microscopic (non-abclian) Lagrangian. Instead, 
we simply drop them from the very beginning since they do not contribute to the low-energy 
effective hypermultiplet self-interaction [§. Being only interested in calculating the leading 
contribution to the Wilsonian effective action, we are also allowed to omit in T 4 any terms that 
may only contribute to higher-order terms in the momentum expansion of the effective action. 

In order to extract the relevant low-energy contribution out of eq. (El) , it is convenient 
to employ the covariant harmonic derivatives (fD ++ 1 'D ) defined in eq. (|4.5|) . This makes 
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integrations by parts with respect to them simpler since the ‘bridge’ e v is covariantly-constant, 
( T> ±± e~ v ) = 0 T> ±± e~ v = e^’D^. The covariant derivatives satisfy the algebra 

[D ++ ,V —] = D° , (4.10) 

while the flat derivative D° measures the harmonic f/(l)-charge. 

We insert the relation ( 4.10 ) into the harmonic integral in eq. (4.8) by identically rewriting 

F(1|2)F(1|2) = l[®r,2>r]ni|2)ni|2) ' 

Then it is easy to argue that only the first term ~ T> ++ T> in this identity gives the leading low- 
energy contribution in the local limit. Integrating by parts in it, one can cancel the harmonic 
distribution 


(u+u+y 


by the use of another identity 


D 


++ 


{u+u+Y 


= D;-S^- 2 Y Ul ,u 2 ) . 


(4.11) 


The harmonic delta-function on the right-hand side of eq. Q4.11 ) removes one of the two re¬ 
maining harmonic integrals, and allows us to rewrite eq. (|4.8|) to the form 


-w 


d 4 k 


(27r) 4 k A {k 2 + m 2 ) 2 


S. 


4 , 


(4.12) 


where we have ignored a dependence upon all the external momenta pi (the terms omitted do 
not contribute to the hypermultiplet low-energy effective action), and introduced the notation 


S 4 = J d A xd 8 0 du (V q + ■ q + ) 2 


(4.13) 


The ^4 is gauge-invariant as it should, and it has the form of the full superspace integral, in 
formal agreement with the non-renormalization ‘theorem’ in superspace. However, the connec¬ 
tion v in V at Z Y 0 is quadratic in 6 ~ because of eqs. ( |4.4| ) and (|4.5| ). In turn, this results 
in a (0“) 4 -dependent term in the integrand of S 4 , and, therefore, an analytic contribution to 
the induced hypermultiplet effective action. I 11 other words, it the non-vanishing central charge 
Z that is responsible for the appearance of the leading analytic term in the low-energy effective 
action, already at the one-loop level of quantum perturbation theory. The analytic part in S 4 
is given by 

(£ 4 ) -»■ J d 4 xd 8 ddu(v~~q + T 3 q + ) 2 = -8|a| 2 y d( < '~ 4 \q + q + ) 2 = (S 4 ) analytic . (4.14) 

The terms omitted, in particular those with (T> ) 2 q + or T> ++ q + , only contribute to higher- 

order terms in the momentum expansion of the effective action. Hence, the one-loop induced 
low-energy hypermultiplet self-interaction takes the form H 




(4.15) 
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The Lagrangian 49 int is the analytic hyper-Kahler potential that describes the Taub-NUT 
metric 0 (see Appendix). The induced coupling constant A appears to be 


Ai-ioop = (2fi0 4 H 2 f 
Jk 


4 k 


k 2 >A 2 (27t) 4 k 4 (k 2 + m 2 ) 2 7 r 2 


1 , ( rri 
In 1 + 


m- 


A 2 


A 2 + m? 


(4.16) 


where we have used the BPS mass relation. The induced Taub-NUT effective coupling constant 
A may be renormalized in higher orders of perturbation theory, unlike the form of the effective 
Taub-NUT self-interaction that cannot be changed, even non-perturbatively, within the N = 2 
gauge theory under consideration. The reason for that is the non-anomalous global U( 2) = 
SU (2) a X U(l) symmetry of the fundamental action. This symmetry is exact in the full quantum 
theory. The only SU( 2)a x [/(l)-invariant hypermultiplet self-coupling is just the Taub-NUT 
action. The well-known U( 2) = 577(2) x U( 1) isometry of the Taub-NUT metric is just due 
to the global symmetries of the Taub-NUT hypermultiplet action. In this sense, our result is 
exact and universal. 

Similarly, for a spontaneously broken N = 2 supersymmetric QCD (in the Coulomb branch) 
with vanishing bare hypermultiplet masses, one finds a non-trivial analytic hyper-Kahler po¬ 
tential in the form 

X N f 

^int. = 2 E (V + ' 4) (V + ' 4) , (4-17) 

* ij =1 

where the dots stand for contractions of color indices, and Nf is the number of flavors. In 
a more general case with non-vanishing bare hypermultiplet masses m;, z = 1,2,... ,Nf, (or, 
equivalently, with different eigenvalues of central charge for each matter hypermultiplet), one 
finds instead 

44int. = ■ 44(4 • 4) , (4-18) 

where 


4 loop = (2g) 4 Re[(a + mi )(a + mf)} / fc2 > A2 ^ kHk 2 +mi+ ^ )(k 2 +rn > +H2) 


g i Re[(a+mi)(a+mj)] 

2ir 2 (m 2 +\a\ 2 )(m' 2 +\a\ 2 ) 


In 


(1 + 




m?+m^+2|a| : 
mj —m 2 - 

* j 


ln(l + 


A 2 


A * - )( 1 + 

) - ln(! + ^) 


m 2 +|a | 2 


A 2 


m 2 +\a\ 2 ^ , m 2 +|a| 2 


g 4 Re[(a+mi)(a+m.j 
7r 2 (m 2 + |a| 2 ) 2 


A 2 

2_lU| 2 


InH + m 7.+\a\ \ _ rn 2 + \a | 2 
n V 1 'A 2 > A 2 +m‘f+\a 


rrii 7 ^ rrij 


rru = m; 


(4.19) 


Note that A ? '^ loop vanishes whenever a = —m, or a = — rrij. 

Summarizing above, we conclude that quantum corrections in an A = 2 gauge theory with 
the spontaneously broken gauge symmetry produce the effective Taub-NUT-type interaction 
for the charged matter hypermultiplets, which preserves N = 2 supersymmetry, its SU(2)a 
automorphisms, and the local U( 1) rotations. Note that, in the case of several matter hyper¬ 
multiplets and, respectively, several independent Cartan generators, more non-anomalous U( 1) 
factors can be present in the symmetry group of the induced hypermultiplet self-interact ion 
and, hence, in the isometry group of the relevant hyper-Kahler metric. 
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As a simple application, consider the famous Seiberg-Witten model, whose initial (micro¬ 
scopic) action describes the purely gauge SYM% theory, with the 577(2) gauge group to be 
spontaneously broken to its f/( 1) subgroup [[lj. In the non-perturbative region (the Coulomb 
branch) near a singularity in the quantum moduli space where a BPS-likc (t’Hooft-Polyakov) 
monopole becomes massless, the Seiberg-Witten model is just the dual N = 2 supersymmetric 
QED, V ++ — > V p + and a — > a p. The t’Hooft-Polyakov monopole is known |lj] to belong to 
a hypermultiplet q^ P that represents the non-perturbative degrees of freedom in the theory. 
Our results imply that the induced HP-hypermultiplet self-interaction in the vicinity of the 
monopole singularity is regular, and it is given by 

"^Taub—NUT^-f/p) = ~^(QhpQhp) 2 j (4.20) 


whose induced (one-loop) coupling constant Xp is given by eq. (|4 .1 5|) in terms of the dual (mag¬ 
netic) coupling constant gp and the dual moduli ap. Possible non-perturbative generalizations 
of the induced hypermultiplet self-interaction from M theory are discussed in sect. 6. 

Another interesting consequence of the induced Taub-NUT hypermultiplet self-interaction is 
a non-trivial dynamically generated scalar potential. In components, for a single hypermultiplet, 
it reads 


v(f) = \z\ 


Pfi 


(4.21) 


1 + A fifj 

where the physical bosonic components f l (x) of the g + -hypermultiplet have been defined in 
Appendix, see eqs. (A.4) and (A. 7). A possibility of generating non-trivial scalar potentials via 
non-vanishing central charges in the non-linear, 2D , IV = 4 supersymmetric sigma-models was 
noticed earlier by Alvarez-Gaume and Freedman in ref. 
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5 The background induced by Fayet-Iliopoulos terms 

In this section we discuss the modifications due to a presence of the additional Fayet- 
Iliopoulos (FI) terms. First, let us remind the reader that we consider the Coulomb branch of 
the N = 2 gauge theory where all the gauge symmetries are hidden and compensated except of 
the linear one associated with the abelian vacuum stability subgroup C c . Of course, the global 
flavor G{ symmetry can survive too. We just add the Cc-valued FI term to the compensated 
form of the action, and we do not care of its possible (dynamical) origin within the initial 
unbroken phase of the theory. We are not going to discuss the classical vacuum structure of the 
N = 2 vector multiplet/hypermultiplets system in the presence of the FI terms (see, however, 
a brief comment below). Our basic aim here is merely to examine how adding the FI terms can 
affect the induced hypermultiplet self-coupling that was found in the previous section. 

The HSS superfield form of the FI term is given by 


S FI = iJdp~ 4 hrt ++ VY + , 

(5.1) 

where £ ++ € H is the real operator 


r = E«?r (u) «W=W, 

(5.2) 


r 
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and the isovectors are some constants satisfying the reality condition = EikSjiZffi, 

and representing the additional moduli of the theory. We use also the notation 
and £“ = . 

Adding the term ( |5.1|) modihes the free part of the V^ + action and we need to diagonalize 
the latter. This can be accomplished by shifting Vq + as follows 

V++ = s ++ + y++ , (5.3) 

with 

s ++ = i£-(6 + ) 2 {9 + ) 2 (5.4) 

(we assume that the part v ++ was already separated, being included into the free q hypermul- 
tiplet action). For V/ ++ one has the standard quadratic action and, hence, the standard form 
of the propagator ||. 

Note that s ++ can be interpreted as a new non-trivial background piece in the superfield 
V/f + . Indeed, the classical free equation of motion for the abelian potential V/f + now reads 

(D + ) 4 %- = h£ ++ , subject to V ++ Vc~ - £>“'F++ = 0 , (5.5) 

and it has a Lorentz-invariant background solution 

<^c ++ > = * ++ • (5-6) 

The FI induced background splitting of the analytic potential formally results off shell in a 
spontaneous N = 2 supersymmetry breaking since the new abelian superfield V/ ++ has an in¬ 
homogeneous N = 2 supersymmetry transformation and hence contains Goldstone fermion 
components []. However, one can make decisive conclusions about breaking of supersymmetry 
and/or [/(1) symmetry only after carefully analyzing the classical vacuum on-shell structure of 
the theory, e.g., along the lines of refs. |20[ [21], ^jj. As was shown there, the structure of the 
on-shell vacuum solution for the gauge and hypermultiplet superfields depends on the choice 
of initial gauge group and the hypermultiplet interactions. The Fl-terms produce, in general, 
spontaneous breaking of [/(1) gauge symmetries or a simultaneous breaking of N = 2 super- 
symmetry and U( 1) symmetries. In what follows, we shall not consider nonvanishing vacuum 
solutions for the hypermultiplets and restrict ourselves to the discussion of the perturbation 
theory in the background (|5.6|) . Let us point out once more that this amounts to diagonalizing 
the Vc + kinetic action in the presence of the FI term (|5.1|) . 

The background ‘bridge’ corresponding to s ++ is exp(s), where 

s = i{£-(0 + r)(9+) 2 + i i**(e~f(9+r) - ir-[2(e+r)(» + r) + (9+) 2 (ry +c. c ,}, (5,7) 

As far as the contribution to the harmonic connection is concerned, we find 

s- = d-s = !{£--[(r) 2 ( 0 +) 2 + 2 ( 0 +r)( 0 + 0 -)] + \z ++ (e~) 2 (6-) 2 

-2£+-(9 + 9-)(6-) 2 + c.c.} . (5.8) 

5 A modification of the standard N = 2 algebra in an abelian gauge theory with spontaneous supersymmetry 
breaking will be discussed in ref. |il| . 
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In the analytic basis the spinor derivatives D+ are short whereas the harmonic and remaining 
spinor derivatives are given by 

= D ±zL + v ±± + ^ = D ±zt + v£± , (5.9) 

V- = [® r , D 0 +] = D~ - (D> r ) . (5.10) 

The basic relation of the modified background geometry reads as usual, 


{ni,V}} = - (5,11) 

The corresponding chiral background operator (background superfield strength) explicitly de¬ 
pends upon the Grassmann superspace coordinates and the vacuum expectation values of the 
scalar and auxiliary fields as follows: 

Z { = l -(D*Yv- ( - = Z + Ki,, Z 5 ] = 0 . (5.12) 

The second part of the operator Z g corresponds to a special ^-dependent gauge transformation. 
It is obviously non-vanishing on any superfield with non-trivial transformation properties under 
the group C c . 

Let us now construct the q + propagator in the modified background. The generalized 
d’Alambertian for a hypermultiplet q + in the new background is defined by 

-^D + )\V r fF p =U^ , (5.13) 

where F p is an analytic superfield of charge p in a representation of the gauge group G c , and 
the background covariant harmonic derivative squared is 

(®r) 2 = P“) J + («r) 2 + + (D-Vf) . (5.14) 

It is straightforward to hnd 

□e= n +ZZ- l -v+ + i~-+ a , (5.15) 

where A is the differential operator 


A=-l{D°+D &+ Vt-)d a& 

and Z^, Z% are defined by eq. 
properties of the operator : 


^(D+‘Z ( )D- - |(£>iZ 4 )C- 4 + 


(5.16) 


(|5.12|) . It is not difficult to check the following important 


Pi, □{] = Pi, □;] = 0, 

[®r, n s ] = -\(D*Z t )D+ - i(B+Z £ )B+ + i((£>+) 2 Z 5 )(£>« - 1) . 


(5.17) 

(5.18) 
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We are now in a position to construct by analogy with eq. (|2.46|) a harmonic propagator 
for the hypermultiplet in a more general background with the spontaneous supersymmetry 
breaking induced by the FI-term, in the form 


Gf M> (l|2) = 


WYfofY 


8 (Xi - X 2 ) exp(v 2? - v u )- 


(5.19) 


□ i 5 ' " ‘ "'OUkD 3 ' 

Using eq. (|5.18D , one can check that this Green function satisfies the defining equation 

V++g£’ 1 ] (1\2) = 5i 3ll) (l|2) • (5.20) 


The covariantly-analytic representation for the harmonic superfields in the same background 
is given by 

U++ = e v t V ++ e~ v z, q + = e v tq + . (5.21) 

When using the same relations as in sect. 2, one can rewrite the modified q + propagator to 
the covariantly-analytic form as well. Its symmetry properties with respect to an exchange of 
the arguments become more transparent in the covariantly-analytic representation since the 
corresponding background harmonic derivatives are flat there by definition. We do not write 
down the explicit formulas here, since they can be easily obtained along the lines of sect. 2. 

Let us now briefly discuss how adding the above FI-term affects the quantum calculations 
of sect. 4. When using the modified hypermultiplet propagator (|5.19|) in perturbative calcula¬ 
tions of the induced hypermultiplet self-interaction, one should consider a harmonic (one-loop) 
supergraph with an arbitrary (even) number of the external hypermultiplet legs, whose loop 
consists of both the hypermultiplet propagators and the y ++ propagators in the alternative 
order. Since we can ignore all the extra terms with derivatives in the hypermultiplet propaga¬ 
tors, it is enough to concentrate on the ^-dependent but otherwise constant factors. The gauge 
symmetry argument implies that the relevant terms contributing to the Wilsonian low-energy 
effective action have the structure 


T^Cnj d 4 xd 8 ddu(V^ q + q + ) 2n —> J d 4 xd 8 0du f(v^ q + q 4 


(5.22) 


to be determined by an even function /. The particular structure of the ^-dependent terms 
with respect to the Grassmann coordinates in eqs. ( |5.7|) and (|5.8| ) however implies that no 
(0 - ) 4 -terms can be formed out of them. In this sense, our induced (Taub-NUT) solution is 
stable against adding the FI-term. 


6 Beyond perturbation theory 

Since N = 2 supersymmetry severely restricts the field couplings, it is quite natural to ask 
about other possible ways of generating a non-trivial hypermultiplet self-interaction provided 
that N = 2 supersymmetry of the effective Lagrangian is maintained. As long as the SU(2)a 
automorphism symmetry of the N = 2 supersymmetry algebra is not broken, it is clear that 
the perturbatively-induced Taub-NUT self-interaction (whose hyper-Kahler potential does not 
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depend upon harmonic variables explicitly) is the only non-trivial solution for a charged N = 2 
matter. Therefore, we should break this global symmetry in our N = 2 supersymmetric gauge 
theory in some controlled way, i.e. while maintaining another global symmetry of the free 
hypermultiplet action, in order to be able to make a concrete proposal. 

The gauging procedure (or the coset construction) is known to be a powerful method for 
generating new hyper-Kahler metrics (see e.g., ref. |23|). In the harmonic superspace, the 
additional resources for generating new hyper-Kahler potentials int are given by (i) gauging 
isometries of the moduli space of hypermultiplets, and (ii) adding (electric) FI terms. For 
example, given two hypermultiplets q\ G 2 of SU(2)f, one can gauge a U( 1) subgroup of 
SU(2)f and simultaneously add a FI term as follows 


Seh — 




qJa + n 


++ 



( 6 . 1 ) 


where V B + is an N = 2 gauge potential without a kinetic term (Lagrange multiplier), and the 
£ ++ = was introduced in the previous sect. 5. The action Seh of eq. O has the 

manifest (Pauli-Giirsey) global SU{2)pg symmetry, which rotates the lower-case Latin indices 
only. At the same time, the N = 2 SUSY automorphisms SU{2 )a are explicitly broken down 
to an 1/(1) symmetry due to the presence of the charged ‘constant’ £ ++ . 

Eq. (|6.1|) can be rewritten after some algebra to the form ||T2| 


Seh = 


2k 2 


d( 


(-4) 


q a+ D ++ q + a - 




++'\2 


(■ q a+u a 


-\2 


( 6 , 2 ) 


It is clear from eq. (|6.2|) that ( q a+ ) ^ 0 (the Higgs branch !), just for the action Seh to make 
sense. Eq. ( j6.2|) takes the particularly simple form in terms of a real uj - hyp ermillt ip let which is 
dual to the q + -hyp er rim 11. i p le t 0. After the change of variables, qf = ufu> + u~ f ++ , with an 
analytic (Lagrange multiplier) superfield / ++ , one finds [|l^ 


Seh = 


2k 2 


-4) 


( D ++ co ) 


(r + ) 2 


o; z 


The action Seh has the following SU{2) B symmetry |T^| : 

5lo = c D ++ uj — c + ~oo , 


(6.3) 


(6.4) 


where c = c l °u^uj and c + ~ = c l3 ufuj are the infinitesimal parameters of the SU(2)b- This 
symmetry is basically the modified form of the SU(2)pg symmetry of the action (|6.1| ). The 
automorphism SU(2)a group in the u representation is given by the diagonal SU(2) subgroup 
in the product of SU{2) PG and the automorphism group in the q representation. This SU(2)a 
is, however, broken to its 1/(1) subgroup in eq. (|Q|). Therefore, in any case, the action Seh 
has the 1/(2) = SU{2 ) x 1/(1) isometry group and, in its component form, it is known to 
lead to the four-dimensional Eguchi-Hanson gravitational instanton target metric [^4| for the 
physical bosonic fields of the hypermultiplet, in the form suggested in ref. |2f|. Eq. ( 0 ) can 
be easily generalized further, to the case of several hypermultiplets in Nf of SU(Nf) whose 
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Cartan generators are gauged in a presence of the (Nf — 1) FI terms |L2|. Then one gets the 


higher dimensional (Calabi) generalizations of the Eguchi-Hanson metric [!^ . 

In order to address the very interesting question of a dynamical generation of the Eguchi- 
Hanson hyper-Kahler potential in eq. we would like to stress that the SU{2) B symmetry 

(|6.4|) is enough to fix the form of the EH-potential completely. Also note that SU{2) B is just 
a subgroup of the whole symmetry group of the free u hypermultiplet action, which includes, 
in particular, the whole N = 2 superconformal group SU{2, 212). In other words, the EH- 
potential seems to be the only deformation of the free hypermultiplet action that is consistent 
with the extra SU(2) B global symmetry when the automorphism symmetry SU{2)a is broken 
to its U{1) A subgroup by the charged constant £ ++ . Accordingly, the dynamical mechanism we 
are looking for, should accomplish just two things: first, partially break the internal symmetry 
of the free hypermultiplet action down to IV = 2 supersymmetry and SU(2) B ^ SU(2)a and, 
second, break SU(2)a down to its U{1)a subgroup. 

These goals can be achieved in a nice geometrical way when using the recently proposed 
brane technology [f27|, |28|| , where the quantum four-dimensional N = 2 supersymmetric gauge 
theories are considered in the common world-volume of the M-theory/type-IIA superstring 
branes. The relevant BPS-like brane configuration should consist of the solitonic 5-branes, 
Dirichlet 4- and 6-branes (in the type IIA picture) which are intersecting at angles [^9|] instead 
of being parallel as in ref. fl28|. The vector distance between the two 5-branes along some three 


hidden ten-dimensional spacetime directions can then be identified with the FI parameter ^ lJ \ 
whereas the intersecting angles of the D-4-branes can be identified with the constant gauge 
field strength components of the t’Hooft toron 
dimensional common brane world-volume 


301 after replacing the uncompactified four- 


l.e. 


the macroscopic space-time) by a torus, and 


imposing the twisted boundary conditions as in ref. |30 


In the context of the SU(2 ) gauge field theory, torons can be defined as the solitonic solutions 
having topological charge Q — i.e. as the fractionally charged instantons. The classical toron 
solution takes the form of an analytic (a half of supersymmetries is preserved !) gauge superfield 
Vtoron (c/. ref. |3l|]). It has an extra SU(2) toron global symmetry given by the diagonal subgroup 
of SU(2)g x SU(2) B , where the SU[2)c is the global part of gauge symmetry and SU(2) B = 
SO( 3) is the rotational symmetry (i.e. the little group of the Lorentz symmetry). Unfortunately, 
within our pedestrian approach in this section, we are unable to prove that the SU( 2) toron 
does coincide with SU(2) PG or SU(2) B that are relevant for the induced Eguchi-Hanson self¬ 
interaction, though it seems us to be quite plausible. Up to this technical assumption, however, 
the net impact on the allowed hypermultiplet self-interaction is just given by (i) a conservation 
of the extra SU(2) B ^ SU{2)a global symmetry, and (ii) ~ S lj exp(—2 Ti 2 /g 2 ) ^ o. As is 
well-known in the situation with unbroken N = 2 SUSY, the Higgs branch receives neither scale- 
nor mass-dependent corrections Bi- The non-trivial (EH) hypermultiplet self-interaction 
therefore implies that the N — 2 SUSY has to be spontaneously broken. It may be worthy to 
investigate this issue in the framework of spontaneously broken AD, N = 2 supergravity []. 

The dynamically generated FI term and the toron solution are, in fact, related to each 
other by N = 2 supersymmetry. The usual instantons are known to be unable to gener- 


6 See ref. [p2[ for a recent discussion of the spontaneously broken AD, N = 2 supergravity. 
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ate a non-vanishing glnino condensate because of the well-known index theorem. Indeed, one 
needs at least four fermions in order to saturate a non-vanishing correlator in the instanton 
background [[L|. Unlike the instantons, the torons do generate the non-vanishing gluino con¬ 


densate 


AW) = A 3 (£ 2 ) ij , with (£ 2 )^' ~ 5 ij exp 


47T 2 
9 2 


(6.5) 


where A* is the fermionic N = 2 superpartner of the gauge field (i.e. N = 2 gaugino). As 
is well-known also, the non-perturbatively-generated gluino condensate has to be space-time 
independent due to the supersymmetric Ward identities It just guarantees the constancy 
of The constant parameter entering eq. ( |6.5|) can now be identified with the FI constant. 

A combination of the perturbatively generated Taub-NUT-type self-interaction with the 
(presumably) non-perturbatively generated Eguchi-Hanson-type self-interaction could lead to 
the hyper-Kahler potential just given by a sum of the two potentials (in the mixed Coulomb- 
Higgs branch, if any). The corresponding hyper-Kahler metric is neither the Taub-NUT metric 
nor the Eguchi-Hanson one, but it reduces to them in particular limits. 


Acknowledgements 

E. A.I. and B.M.Z. acknowledge a partial support from the Russian Foundation of Basic Research 
(R.FBR) and the ‘Deutsche Forschungsgemeinschaft’ (DFG) under the Projects R.FBR No. 
96-02-17634 and RFBR-DFG No. 96-02-00180, respectively, the INTAS under the Projects 
Nos. 93-127 and 94-2317, the Dutch NWO grant and the grant under the Heisenberg-Landau 
Program. They are grateful to Profs. O. Lechtenfcld and D. Lust for useful discussions and 
a kind hospitality at the Hannover and Humboldt Universities where a part of this work was 
done. S.V.K. acknowledges the support of the ‘Deutsche Forschungsgemeinschaft’ and the 
NATO grant CRG 930789. He would like to thank the Bogoliubov Laboratory of Theoretical 
Physics in Dubna and the Theory Division of CERN, where some parts of this work were 
completed, for a kind hospitality extended to him. 


25 












Appendix: from HSS to component results 


In this Appendix we derive the induced Taub-NUT metric and the induced scalar potential in 
the presence of central charges from HSS, following the lines of ref. 


11 


The general procedure to get the component form of the bosonic non-linear sigma-model 
from a hypermultiplet action in HSS consists of the following steps: 


• expand the equations of motion in Grassmann variables, and ignore all the fermionic field 
components, 

• solve the kinematical differential equations (on the sphere S 2 ~ SU(2)/U(1)) for the 
auxiliary field components, thus eliminating the infinite tower of them in the harmonic 
expansion of the hypermultiplet HSS superfields, 

• substitute the solution into the original hypermultiplet action in HSS, and integrate over 
all the anticommuting and harmonic coordinates. 


In our case, with the HSS hypermultiplet action 


Stn — ~ 


- 4 ) 


q+V ++ q+ + ^(g+) 2 (g+) 2 


(Al) 


the HSS equations of motion in the analytic N = 2 superspace ( = {x™, 0+, 9^, uf} for the 
analytic superfield q + (() are given by 

V ++ q + + A (q + q + )q + = 0 , (A2) 


where the analytic harmonic derivative T> ++ is 

V ++ = Q++ _ 2 i0+ a m 9 + d m + i{8 + ) 2 Z + i(d + ) 2 Z . 

The bosonic terms in the ^-expansion of q + read 

q + ( C) =F + (x a ,u ) + i8 + a m 9 + A^{x Ai u) + 9 + 9 + M~ (x A ,u) 
+ 9 + 9 + N~ (xa, u) + 9 + 9 + 8 + 9 + P { - 3 \xa,u) . 


(A3) 


(A4) 


In a presence of central charges, some of the kinematical equations of motion in the (xa,u) 
space get modified (c/. ref. ||TT||), 


d++F + = - A (F + F + )F + , 
d ++ A- =2 d m F + - A (F+F+)A- - A (F + ) 2 A~ , 
d ++ M~ = - A (F + ) 2 N~ - 2A (F + F + )M~ - iZF + , 
d ++ N~ = - A (F + ) 2 M~ - 2A (F + F + )N~ - iZF + . 
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After integrating over the Grassmann variables in the action (A.l) and using the kinematical 
equations of motion, one finds that the bosonic action reduces to 


Sr = - / (fxdu 


A~d m F + - A~d m F + - i(N~Z + M~Z)F + - iF + (ZM~ + ZN~j\ . (A. 6) 


m 


The kinematical equations for F + and A m can be easily solved, as in ref. jJTTJ . Unlike that 
ref. [jlTJ , the auxiliary fields M~ and N~ at Z / 0 now contribute too. Using the convenient 

\f { - 3 (x)f k \x)uju- k 


parametrization 11 


F + (x, u) = f l (x)uf exp 

one finds that 

S B = J d A x {g l 3 d m f l d m P + rdmlidrfj + h i j d m pd m f i - \ 

where the metric is given by JlT] 


(A.7) 

(A.8) 




4(1 +A//) 


4(1 +A//) 


h‘j = ^j(l + A//) - ± 1 S J,\ ffi . and = 


2(1 + A//) 


(- 4 - 9 ) 


The metric (A.9) takes the standard Taub-NUT form |35 

r + M 


ds z = 


M dr 2 + -(r 2 — M 2 )(dd 2 + sin 2 ddp 2 ) + 2 M 2 (- ——^ (dip + cos ddp) 2 , (A. 10) 
— M) 2 Vr + My 


2(r — M) 


after the change of variables |11 


/ 1 = ^2M(r - M) cos ^ exp i (ip + <p) , 


2 2 

/ 2 =yj2M(r - M) sin | exp Utp - <p) , 


with 


// = 2M(r — M) , r>M = 


2V\ ' 


(All) 


(A 12) 


and M being the mass of the Taub-NUT gravitational instanton. The non-vanishing auxiliary 
fields M~ and N~ lead, in addition, to the non-trivial scalar potential, 


V(f) = \Z\ 


ff 


1 + A// 


(A.13) 


ft is the last equation (A.13) that was quoted in the text (see eq. (|4.21|) in sect. 4). It is also 
worth noticing that the quadratic terms in eq. (A. 13) are A-independent as expected, since 
the BPS mass m 2 = \Z\ 2 is protected by supersymmetry and, therefore, it is not going to be 
renormalized. 
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